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ABSTRACT
Radio luminosities have been estimated from published data for a well-defined
homogeneous set of 29 normal pulsars. The radio-frequency energies per unit charge in
the primary accelerated particle beam are given for each pulsar and form a distribution
more than two orders of magnitude in width. The values found show that pulsars are
extremely efficient generators of radiation below 1 − 10 GHz given the kinematic
constraints which are obtained here in the cases of electron-positron and ion-proton
plasmas. Our conclusion is that only the ion-proton plasma source is consistent with
the spectra of normal and millisecond pulsars and we list and describe the factors
which together support this conclusion.
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1 INTRODUCTION
Studies of pulsar radio luminosity in the past have been mo-
tivated by galactic population modelling or by an interest in
the emission mechanism. The work of Szary et al (2014) is a
recent example of the latter. This present paper differs from
earlier work in two respects: the luminosities are estimated
for a well-defined and homogeneous set of modest size and,
apart from the general shape of the spectra, the parameter
we consider to be of prime importance is the radio-frequency
energy ǫ emitted per unit charge in the accelerated beam of
primary particles. Owing to the invariably large negative
spectral index, the low-frequency spectrum contains most
of the luminosity. Thus the selected pulsars each appear in
the spectral compilation published by Malofeev et al (1994)
and in the set found to display subpulse drift and selected
by Weltevrede, Edwards & Stappers (2006) purely on the
basis of signal-to-noise ratio.
The details of the luminosity estimates are described in
Section 2, and values of ǫ are given in Table 1. In Section
3, the emission volume is treated as a black box and we
consider the extent to which kinematic constraints valid for
photon production by free-particle beams can be applied to
it. On this basis, we compare the values of ǫ with expecta-
tions for the canonical electron-positron plasma and for an
ion-proton plasma (see Jones 2012a,b; 2013a,b).
The wave number of the unstable mode to which par-
ticle longitudinal kinetic energy is transferred is dependent
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on number densities, rest masses and Lorentz factors. There-
fore, there will be considerable differences between predic-
tions for the two types of plasma considered here. We as-
sume that mode growth proceeds through a stage of non-
linearity to a turbulent distribution of charge-density and
current fluctuations. We further assume that development
of the turbulence follows that in classical fluids and so has as
its outstanding feature the transfer of energy to a spectrum
of higher wavenumbers occurring on a very short time-scale.
As a consequence, the mode frequency immediately prior to
turbulence is to be associated with the lower frequencies in
the radio-frequency spectrum and we do do not expect any
significant radius-to-frequency mapping. The demonstration
of an adequate growth rate for the ion-proton mode is of
primary and obvious importance. The details of this have
been published previously (Jones 2012a,b). That the mode
frequency is apt has also been justified previously (Jones
2013a,b) and the details of both these questions will not be
repeated here. But they are considered further in relation
to several important classes of pulsar in Section 4 and our
conclusions are given in Section 5.
2 RADIO-FREQUENCY LUMINOSITIES
The spectral indices of pulsars are typically large and neg-
ative. A large fraction of the radio-frequency power is at
frequencies below 1 GHz. The pulsar luminosities we esti-
mate are drawn from the survey of Malofeev et al (1994)
who gave the spectra of 45 pulsars at these low frequen-
cies. In order to have a set as homogeneous as possible and
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with good signal-to-noise ratio, we required that each pulsar
should also be one of the 70 listed by Weltevrede et al (2006)
as exhibiting subpulse drift. The set of 29 pulsars so defined
can be characterized as normal (but not uninteresting) and
is listed in Table 1.
The luminosity is defined by,
L = d2δΩ
∫ ∞
0
S(ν)dν, (1)
in which d is the distance, taken from the ATNF catalogue
(Manchester et al 2005), and the integral is approximated
by the two-index fit,∫ ∞
0
S(ν)dν ≈
α1
α1 + 1
νmSm +
α2 − α1
(α1 + 1)(α2 + 1)
νbSb, (2)
noting that Malofeev et al give the flux densities per period
P . The indices α1,2 and frequencies νm,b are from Malofeev
et al (Table 1) and the flux densities S(νm) and S(νb) have
been obtained directly from their published spectra. Equa-
tion (2) assumes that, below the measured frequency inter-
val, the flux density in and below the turn-over region is
S(ν < νm) = S(νm).
The solid angle δΩ is the most significant source of un-
certainty in L. It is defined as,
δΩ = 2π sinψδθp, (3)
where ψ is the magnetic inclination and δθp is the increment
in polar angle occupied by the beam and defined with re-
spect to the spin axis Ω. The solid angle is estimated for
each of the 29 pulsars listed in Table 1 using the widths
W50 listed in the ATNF catalogue (Manchester et al 2005)
and by making the following assumptions, in which averages
refer to the group of 70 Weltevrede et al pulsars.
(i) The beam profile is (arbitrarily) circular and its tran-
sit across the line of sight is represented by an arc subtend-
ing an angle δθ = 2π sinψW50/P on the surface of the unit
sphere.
(ii) For random intersection of a circular or semi-circular
profile, δθp = (4/π)δθ.
(iii) The magnetic co-latitude of flux lines bounding the
open magnetosphere at any altitude above the polar cap con-
sidered here can be expressed as δθ = δθ0(P0/P )
1/2, where
P0 = 1 s.
(iv) The sources of emission in the Weltevrede et al
group of 70 pulsars are at a fixed altitude η, in units of the
neutron-star radius R.
The distribution of δθ0 should have little variance com-
pared with those of sinψ andW50 so that, by averaging over
the Weltevrede group of 70 pulsars, it is a fair approximation
to express its average as,
〈δθ0〉 =
〈
2πW50
(PP0)1/2
〉
1
〈cscψ〉
. (4)
For any individual pulsar, an estimate of the magnetic in-
clination is then given by,
sinψ =
〈δθ0〉(PP0)
1/2
2πW50
. (5)
In this expression, 〈cscψ〉 is unknown. An initial assump-
tion of an isotropic distribution, 〈cscψ〉 = π/2, gives val-
ues of sinψ that are quite inconsistent with that hypoth-
esis in that there are large excesses of unphysical values
Table 1. Estimated radio luminosities L are given for a set of 29
pulsars. Assuming Goldreich-Julian current densities at the polar
cap, the radio-frequency energy ǫ per unit charge in the primary
accelerated particle beam has been calculated. The periods and
distances d are from the ATNF catalogue (Manchester et al 2005)
as are the values of the pulse widths W50 used to calculate the
magnetic inclination angle ψ on the basis of the polar-cap model
assumptions (i) - (iv) of Section 2. The integrals over flux density
are given by equation (2), with parameters from Malofeev et al
(1994).
Pulsar P d sinψ
∫∞
0
Sdν L ǫ
s kpc mJy GHz erg s−1 GeV
B0138+59 1.223 2.3 0.259 44 2.1E27 3.3
B0809+74 1.292 0.43 0.224 188 2.7E26 0.71
B0818-13 1.238 1.9 0.441 32 1.8E27 1.2
B0919+06 0.431 1.1 0.511 124 4.5E27 0.29
B1508+55 0.740 2.1 0.643 182 2.3E28 4.7
B1604-00 0.422 0.59 0.426 64 5.7E26 0.21
B1845-01 0.659 4.4 0.391 67 2.4E28 4.1
B1911-04 0.826 3.2 0.984 62 2.7E28 7.3
B2044+15 1.138 2.6 0.908 15 3.3E27 6.8
B2154+40 1.525 2.9 0.261 32 2.2E27 1.6
B2319+60 2.256 2.7 0.094 29 5.1E26 0.48
B2351+61 0.945 3.3 0.764 30 9.8E27 1.6
B0031-07 0.943 1.0 0.140 55 3.1E26 0.32
B0320+39 3.032 1.5 0.333 56 9.3E26 4.5
B0329+54 0.715 1.0 (1.0) 956 4.4E28 14
B0525+21 3.746 2.3 0.085 82 7.4E26 0.62
B0628-28 1.244 0.32 0.157 198 1.1E26 0.04
B0823+26 0.531 0.32 (1.0) 134 7.3E26 0.16
B0834+06 1.274 0.72 0.385 177 1.2E27 0.48
B1133+16 1.188 0.35 0.281 370 4.5E26 0.22
B1237+25 1.382 0.84 0.188 309 1.4E27 1.7
B1642-03 0.388 2.9 (1.0) 430 2.2E29 29
B1929+10 0.227 0.31 0.527 198 8.2E26 0.06
B1933+16 0.359 3.7 0.545 189 9.1E28 5.7
B1944+17 0.441 0.30 0.402 107 2.3E26 0.33
B2016+28 0.558 0.98 0.411 124 2.5E27 2.0
B2021+51 0.529 1.8 0.801 130 1.8E28 2.8
B2045-16 1.962 0.95 0.136 135 4.6E26 0.28
B2111+46 1.015 4.0 0.256 310 4.9E28 43
and of small sinψ. The unphysical values arise, given as-
sumptions (i) - (iv), because cases of partial intersection of
the beam profile occur and are associated with too small a
value of W50. Therefore, assuming that (i) - (iv) are sound,
it is possible to adjust the unknown quantity 〈cscψ〉 so as
to reduce the number of unphysical values to a level esti-
mated to be consistent with the distribution in the interval
0.5 < sinψ < 1. This procedure appears worthwhile because
values of sinψ can vary by as much as an order of magni-
tude between pulsars. On this basis, a value 〈cscψ〉 = 3.5 has
been adopted, giving 〈δθ0〉 = 0.051 radians and the values
of sinψ in Table 1, the remaining unphysical values being
denoted by sinψ = 1.0. It also gives, through assumptions
(ii) and (iii), the value of δθp for equation (3). It has to be
emphasized that this distribution, which is strongly peaked
at small sinψ, is specific to the Weltevrede et al group of 70
pulsars and there is no suggestion that it is of any universal
relevance.
Table 1 gives the estimated luminosities for the set of
29 pulsars selected. Following Harding & Muslimov (2001),
c© RAS, MNRAS 000, 1–9
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a polar-cap radius u0 given by,
u0 =
(
2πR3
cPf(1)
)1/2
, (6)
is assumed, with a neutron-star mass of 1.4M⊙ and ra-
dius R = 1.2 × 106 cm, for which f(1) = 1.368. The
radio-frequency energy emitted per unit primary charge is
ǫ = L/fGJ (0), where fGJ (0) is the Goldreich-Julian flux of
unit charges from an area of πu20/2 assuming ψ = 0 and
calculated using the ATNF values of magnetic flux density.
(The flux fGJ is a function of the total magnetic flux cross-
ing the polar cap, not the surface magnetic flux density, and
for present purposes we do not assume that the cosψ depen-
dence of the Goldreich-Julian density is valid in the vicinity
of ψ = π/2. It is also assumed that one half of the open
flux lines intersecting the polar cap area do not have the
favourable direction of curvature at larger values of η that
would allow polar-cap acceleration.) This is the quantity we
regard as most relevant to the emission process. The values
listed in Table 1 vary by more than two orders of magni-
tude and some, at first sight, seem surprisingly large. The
average is ǫ¯ = 4.7 Gev, and with the removal of B0329+54,
B1642-03 and B2111+46 would be reduced to 1.9 GeV. A
caustic in the variable θ might be a possible explanation for
this small number of very radio-bright pulsars.
In general, objections that our approximation for δΩ
under-estimates luminosities would be unlikely to alter the
conclusions arrived at in this paper. The luminosities in Ta-
ble 1 are typically between one and two orders of magnitude
smaller than the mean value L ≈ 1029 erg s−1 obtained by
Szary et al (2014) for 1436 pulsars from ATNF values of the
flux density at 1.4 GHz. Their distribution of L has a large
variance, extending over about three orders of magnitude,
and they find that L is independent of position in the P − P˙
plane.
3 KINEMATICS OF THE EMISSION PROCESS
We shall assume that the basis of the emission process is
the formation of a plasma within the tube of open magnetic
flux lines, principally above the acceleration region but typ-
ically at altitudes η < 2, which moves outward to the light
cylinder. In the case of an electron-positron plasma, its ini-
tial velocity distribution may change slowly so as to main-
tain the charge density needed locally to remove any electric
field component E‖ arising from motion along curved flux
lines. (Here, the subscripts perpendicular and parallel re-
fer to the local magnetic flux density B.) In the course of
this motion, a fraction of the longitudinal kinetic energy of
the plasma particles is transferred to an unstable Langmuir
mode, which may be quasi-longitudinal (see Asseo, Pelletier
& Sol 1990), and eventually to the radio-frequency spectrum
of the radiation field.
For kinematic purposes, the section of the flux tube
from plasma formation to radio-frequency emission can be
considered as a black box. The plasma in the emission region
is a one-dimensional freely moving system in the frame of
reference corotating with the neutron star apart from exter-
nal influences which include the Coriolis and flux-line cur-
vature accelerations, and the longitudinal force arising from
any small E‖ which may be present. Flux-line curvature is
the source of coherent curvature radiation, but for reasons
to be given in Section 4, it is not considered further here.
However, the large values of ǫ given in Table 1 show that E‖
can be very significant.
The kinematics of radio-frequency generation is inde-
pendent of any assumption about the interior processes of
the black box. However, the mode growth rate, at least in
the case of an ion-proton plasma, is large, leading to non-
linearity and the eventual development of a turbulent sys-
tem of charge and current-density fluctuations. Given the
presence of transverse spatial gradients, particularly in the
velocity distribution, and of finite transverse dimensions, the
form of the turbulence is unlikely to have any simplicity of
structure and there would appear to be no reason to assume
it unable to couple with both modes of the radiation field.
A common feature of turbulent systems is the transfer of
energy to larger wave-numbers on rapid time-scales. If this
is so, we should expect that the complete radio spectrum
is formed within a small region so that radius-to-frequency
mapping will not be apparent.
3.1 Electron-positron plasma
From the ATNF catalogue fields, it appears that the mag-
netic flux density in the formation zone for the pulsars
listed in Table 1 is in the classical region of single-photon
magnetic conversion (Erber 1966: see also Harding & Lai
2006). Its transition rate is determined by the parameter
χ = k⊥B/Bc, where k is the photon momentum in units
of mec and Bc = 4.41 × 10
13 G is the critical field. For
the length scales in the present case, pair formation by con-
version requires χ ∼ 0.1. The form of the electron-positron
spectrum can be found most easily by a Lorentz transfor-
mation of the photon parallel with B from the neutron-star
frame to that in which k‖ = 0. Then the pair has total en-
ergy k⊥, and its centre-of-mass velocity and Lorentz factor
are k‖/k and k/k⊥, respectively, relative to the neutron-star
frame. In the classical region, values of k⊥ are substantially
above the threshold k⊥ = 2 so that electron and positron
Landau quantum numbers are not small. A high pair multi-
plicity N± per primary accelerated electron or positron en-
sures that E‖ = 0 in the formation zone. Owing to the charge
symmetry of the conversion process, electrons and positrons
separately have identical energy distributions with centre-
of-mass energies m˜ per primary particle with, as a result of
there being a distribution of values of k‖, m˜ > 〈k⊥〉N±/2
in terms of the average of k⊥. The three centres of mass,
for electrons and positrons separately, and for the system
of electrons and positrons combined, initially have identical
velocities in the neutron-star frame.
The total charge density ρ of primary beam and sec-
ondary pairs adjusts during outward flow so as to remove
any E‖ component that arises from flux-line curvature. Thus
ρ = ρGJ , where ρGJ is the Goldreich-Julian corotational
charge density . The charge density of the primary beam is
approximately equal to ρGJ and the secondary electrons and
positrons are initially neutral. Let the electron and positron
centres of mass have Lorentz factors γc−,c+, respectively,
the combined system having Lorentz factor γc. Adjustment
of the secondary electron and positron charge density oc-
curs through a small change in relative velocity. Assume
that a momentum increment ±δp is imparted to each par-
c© RAS, MNRAS 000, 1–9
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ticle. Then by direct computation, we find that the centre-
of-mass energy m˜ of either electrons or positrons is changed
only to order (δp)2, whilst the centre-of-mass Lorentz fac-
tors are changed to order δp. For motion along a flux-line
of increasing (positive) Goldreich-Julian charge density, the
initial state, γc− = γc+ = γc is changed to a final state
γc+ < γc < γc−. (Alternatively, in the combined centre-of-
mass system, we can see that in this process no momentum
is imparted to the pairs, but both electrons and positrons
gain energy.)
The initial state has identical electron and positron ve-
locity distributions and thus has no charge or current density
fluctuations: it is the ground-state of the system. Hence the
maximum radio-frequency energy that can be produced in
the absence of any external forces acting on the plasma is de-
termined by the energy difference between the ground-state
and the momentum-displaced state. From conservation of
energy and of momentum parallel with B it is,
W =
(γc− − γc+)
2
γc− + γc+
m˜c2, (7)
in the neutron-star frame, per unit electron or positron
charge in the primary beam.
For the purposes of calculation, we require a specific
form for the energy spectra of electrons and positrons in
the neutron-star frame. The number densities n+,− per unit
interval of the Lorentz factors γ+,− are uniform and initially
equal, γ1 6 γ+,− 6 γ2, where γ2 ≫ γ1 ≫ 1. The momentum
displacement changes the intervals to γ1,2 + ∆ and γ1,2 −
∆, and the centre-of-mass Lorentz factors so that γc− −
γc+ = 2∆. The condition for the secondary electron-positron
current density to be zero defines the difference n+−n− and
is,∫ γ2+∆
γ1+∆
n−
(
γ2− − 1
γ2−
)1/2
dγ− =
∫ γ2−∆
γ1−∆
n+
(
γ2+ − 1
γ2+
)1/2
dγ+. (8)
In terms of the number densities, the charge excess is,
δρ = e(n+ − n−)(γ2 − γ1) (9)
and the Goldreich-Julian charge density,
ρGJ ≈
e(n+ + n−)(γ2 − γ1)
2N±
. (10)
An approximation for ∆ then follows from equation (8),
∆ =
γ21γ2
N±
δρ
ρGJ
, (11)
which is valid in the limit γ2 ≫ γ1 ≫ 1. This demonstrates
the fact that charge-density adjustment depends almost en-
tirely on electrons and positrons near the low energy limits
of their spectra in the neutron-star frame. In reality, the
limit assumed, γ1 ≫ 1 is unlikely to be satisfied and γ1 will
usually be close to unity.
The expected order of magnitude of the charge-density
adjustment is δρ/ρGJ ∼ 10
−2 occurring over a length of 106
cm. Equation (11) shows that ∆ is small compared with
unity for a wide range of values of γ2 and N±. The implica-
tion is that the radio-frequency energy limit given by equa-
tion (7) is very small compared with the values of ǫ listed
in Table 1. But this in itself does not necessarily exclude an
electron-positron plasma in these pulsars.
The effect of radio-frequency emission by whatever
mechanism is to move the electron and positron centre-of-
mass Lorentz factors γc−,c+ towards γc. The requirement
that the total charge density ρ of the primary beam and
of the electron-positron plasma should be equal to ρGJ has
the opposite effect and increases the energy of the plasma
above its ground state. Without specifying the precise mech-
anism, we could assume that the energy transfer in the con-
tinuous charge-density adjustment then supports the radio-
frequency emission, thus circumventing the limit given by
equation (7).
A separate problem arising from small values of ∆ is
the question of whether the relativistic Penrose condition
(see Buschauer & Benford 1977) for growth of an unstable
mode can be satisfied. This requires that the plasma particle
velocity distribution has two separate maxima. Many years
ago, Cheng & Ruderman (1977) recognized that flux-line
curvature would, in principle, allow this, but small values of
∆ make it problematic.
Owing to a lack of knowledge, we have assumed so far
that the electron and positron number densities are uniform
functions of γ+,−. But it is just possible that the combined
distribution, with centre-of-mass Lorentz factor γc may itself
have two maxima, satisfying the relativistic Penrose condi-
tion, independently of any electrostatic separation which is
present. The most basic approximation would be that the
number of secondary electrons plus positrons per primary
electron or positron is N±(δ(γ−γ1)+δ(γ−γ2)) with γ1 ≪ γ2.
The maximum radio-frequency energy is then,
W = N±mc
2 (γ1 − γ2)
2
γ1 + γ2
, (12)
per unit electron or positron charge in the primary beam.
This could exceed that given by equation (7) and we shall
consider it briefly in Section 4.
3.2 Ion-proton plasma
The kinematics of ion-proton plasmas is more simple. The
protons on any flux line have a δ-function velocity distribu-
tion. Ions are slightly more complex because there can be a
distribution of ion charges Z˜ for a given atomic number Z;
also the possibility of different mass numbers A. Nonethe-
less, a single δ-function approximation for the ions is sat-
isfactory for present purposes. The physical system differs
from the electron-positron plasma case in that the ions and
protons are the primary beam particles and obviously sat-
isfy the Penrose condition as a consequence of their differ-
ent charge-to-mass ratios. We refer to Jones (2012a,b) for a
more complete account of the formation and properties of
this system.
In the neutron-star frame, the energy associated with
unit positive charge in the beam is,
mpc
2
1 + y
(xγI + yγp) , (13)
in terms of the Lorentz factors γI and γp, where x = A/Z˜,
y is the mean number of free protons in the beam per unit
positive charge of the ions, and mp is the proton mass. Pro-
ceeding from conservation of energy and of momentum par-
c© RAS, MNRAS 000, 1–9
Mechanism of radio emission 5
allel with B, as in Section 3.1, the maximum energy that
can be transferred to radio-frequency photons is, assuming
γI,p ≫ 1
W =
xy(γp − γI)
2
(1 + y)(xγp + yγI)
mpc
2, (14)
in the neutron-star frame, per unit positive charge in the
beam. The ground-state of the system is that in which the
Lorentz factors are γI = γp = γc, where γc is that for the
centre of mass. The ratio x is likely to satisfy 2 < x < 4, and
y is a function of the mass number of nuclei at the surface of
the particular neutron star and of the acceleration potential
difference on the bundle of flux lines concerned. We refer to
Jones (2012) for more complete details but note that y = 2
is a reasonable value for estimates of W .
Typically, for γI = 10, γp = 30, values which give an
adequate growth rate for the mode (see Jones 2012a,b), with
x = 3.2, y = 2, we have W = 6.9 GeV. This is of the order
of magnitude of the ǫ values in Table 1. It is a consequence
of the nucleonic masses of the source and the substantial
difference between the Lorentz factors γI,p. The value of W
varies substantially as a function of x and y. A further possi-
bility is that as radio-frequency emission moves γI,p towards
γc, further acceleration has the opposite effect and so may
obviate the limit given by equation (14). These factors may
possibly contribute to the substantial variations in ǫ seen in
the Table.
4 MULTI-COMPONENT DISPERSION
RELATION
Extraction of energy from the longitudinal kinetic energy of
the plasma with the efficiency demonstrated by the Table 1
values of ǫ must presumably rely on growth of an unstable
longitudinal mode. The dispersion relation ω(k) in the gen-
eral, quasi-longitudinal case was given by Asseo, Pelletier &
Sol (1990), but for present purposes the longitudinal mode
will suffice for which the angular frequency ω(k) satisfies,
∑
i
ω2i
γ3i (ω − kvi)
2
= 1, ω2i =
4πniq
2
i
mi
, (15)
for a multi-component plasma with δ-function velocity dis-
tributions. Component i has charge qi, and ni, vi and γi
are its number density, velocity and Lorentz factor in the
neutron-star frame.
The nature of the plasma depends on the relation be-
tween the spin vector and the magnetic dipole moment. Neu-
tron stars with polar-cap Ω ·B > 0 have at most two com-
ponents, electrons and positrons. The energy distributions
are not δ-functions as in equation (12) but are more likely to
be broad continuous distributions, and further development
of an expression to replace equation (15) would be required
to calculate ω(k) and to demonstrate that there is an ade-
quately large growth rate. It would appear at present that
no such detailed studies have been published. Even if the
Penrose condition were satisfied, the growth rate does de-
pend on the detail of the velocity distributions. That this is
so is indicated by the solution of equation (15) for its com-
plex pair of roots in the case of electrons and positrons with
δ-function Lorentz factors γ− and γ+ = γ− + δγ and for
wave-number k = 2γ
1/2
− ωe. This shows that the imaginary
part of ω is of the order of ωeγ
−3/2
− (δγ/γ−). Therefore, a
large growth rate requires well-separated Lorentz factors, as
we observed in Section 3.2.
The very basic model of equation (12) is unrealistic, but
would feature well-separated Lorentz factors. In this case,
evaluation of equation (15) does admit a complex pair of
roots for wave-numbers k < 2γ
1/2
1 ω1. But here the growth
rates do not appear to be large and, for small γ1, mode
growth is limited by the possibility of particle momentum
reversal in the neutron-star frame. It is unfortunate that the
form of the electron-positron distribution is not known.
The plasma will, in general, have four components in an
Ω ·B < 0 neutron star. The mode and its growth rate have
been described in previous papers (Jones 2012a,b) in the
case where electron-positron number densities are negligible.
But if there were an appreciable pair density from conversion
of curvature radiation or from inverse Compton scattering,
all four terms may need to be retained in equation (15). The
significant parameter determining the relative contributions
of electrons and positrons and of protons and ions is,
D =
N±mpγ
3
p
meγ3e
. (16)
In the general case, it is unfortunately difficult to estimate
the extent to which the mass ratio in (16) is likely to be
off-set by either of the other factors. But if prolific pair cre-
ation by curvature radiation exists, particularly in the case
of high polar-cap magnetic flux densities, N± can be large
and γe = γ+,− small so that equation (16) gives D ≫ 1 and
the mode angular frequency ω will be such that ion-proton
components are negligible in equation (15). In such cases,
the sign of Ω ·B has no relevance.
The mode angular frequency in the neutron-star frame
is ω ≈ 2γ
1/2
i ωi. This is to be associated with the forma-
tion of turbulence as described in Section 3 and therefore
with the lowest frequencies observed in the radio-frequency
spectrum. The transfer of energy to higher wave-numbers is
rapid and we assume with reference to the properties of other
turbulent systems that it leads to the spectra observed with
large negative indices. Thus the whole spectrum is formed
within a compact region so that no very obvious radius-to-
frequency mapping is expected (see, for example, Hassall et
al 2012, 2013).
In general, mode frequencies arising from the two cases
differ typically by two or more orders of magnitude reflect-
ing the masses and number densities present in equation
(15). This has been referred to previously in relation to PSR
B1133+16 (see Jones 2013b). To understand the form of
radio-frequency spectrum to be expected in a given class
of pulsar, we have first to establish the likely nature of the
plasma and then make reference to equation (15). This is
attempted for some common classes of pulsar in the fol-
lowing Sections. The present paper has limitations shared
with previous papers (Jones 2012a,b; 2013a,b). It attempts
no more than to see the extent to which ion-proton plasma
sources are consistent with the broad characteristics of dis-
tinct classes of pulsar. Thus the finer details of observational
results and problems such as polarization are not addressed.
Coherent curvature radiation was not considered in re-
lation to the black box argument of Section 3 although it
is a consequence of the transverse acceleration arising from
flux-line curvature and so is unaffected by the kinematic
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constraints derived there. Significant power-loss in the pul-
sar context requires coherence in the form of a macroscopic
bunch of co-moving particles. But the in vacuo expression
for the power-loss also assumes coherence in the radiation
field the bunch produces over a path length of the order of
γ2c/ω, for neutron-star frame Lorentz factor γ and radia-
tion angular frequency ω, and therefore that the charge and
spatial structure of the bunches do not change much in that
time. Given these constraints, it may be the case that curva-
ture radiation from the Langmuir-mode induced turbulence
contributes to the radio-frequency emission. But loss of en-
ergy by other processes does imply damping of turbulent
charge-fluctuations, as we have shown in Section 3.
However, the main point we wish to make is as fol-
lows. This paper assumes throughout that the polar-cap ac-
celeration field E‖ is subject to space-charge-limited flow
boundary conditions. The reason is that extensive calcula-
tions have shown that ionic work functions are too small to
maintain the E‖ 6= 0 boundary condition at a polar-cap sur-
face (see Jones 1985, Medin & Lai 2006) except possibly at
fields of 1014 − 1015 G. We regard fields of this order as un-
likely to be universal in a population of neutron stars whose
spin-down inferred magnetic dipole moments vary by more
than five orders of magnitude.
The basic assumption of the modern form of curva-
ture radiation model (see Gil, Lyubarsky & Melikidze 2004;
Dyks & Rudak 2013 and references therein) is the E‖ 6= 0
condition. The plasma state required for coherent curva-
ture radiation is then produced by what is referred to as a
modulational instability arising from the intermittent spark
discharges which are assumed to be a consequence of this
boundary condition. We do not accept this model of the po-
lar cap but also do not regard the present paper as a suitable
place for its detailed criticism. Its purpose is merely to give
an alternative view.
4.1 Normal pulsars
The selected set of 29 pulsars can be taken to represent
pulsars that are normal in respect of period and magnetic
flux density. The parameter X = B12P
−1.6, where B12 is
the magnetic flux density in units of 1012 G, is a conve-
nient measure of the capacity to form secondary electron-
positron pairs in a dipole field, and is drawn from the work of
Harding &Muslimov (2002). Only B0919+06 and B1933+16
have values exceedingXc = 6.5, the curvature-radiation pair
threshold. The remaining pulsars have values of X mostly
well below Xc, and pair formation would require either in-
verse Compton scattering (ICS) or flux-line curvature larger
than that of a dipole field. Pair formation from ICS pho-
tons produces electron-positron energy spectra extending to
high energies (Harding, Muslimov & Zhang 2002) and are
unlikely to lead to a mode with a useful growth rate in the
Ω · B > 0 case. The essence of ICS is that a large frac-
tion of the momentum of an outward-accelerated electron is
transferred to a photon and it follows that it must be much
less significant in Ω · B < 0 pulsars, in which the flux of
accelerated positrons is small.
In the case of Ω ·B > 0, equation (15) can refer only to
pairs and we can conclude that after the cessation of inco-
herent photon emission from the outer magnetosphere, the
pulsar is likely to be unobservable under normal circum-
stances because coherent radio emission from a polar-cap
source would be problematic for the reasons considered in
Section 3.1.
Pulsars with Ω ·B < 0 and with negligible pair densi-
ties therefore constitute the bulk of the population seen in a
P − P˙ plane distribution. A particular example, B1133+16,
has been discussed previously in some detail (Jones 2013b)
where it was shown that the typical observer-frame mode
frequency to be expected from an ion-proton plasma was
10− 60 MHz, that is, in the turn-over region for many pul-
sars.
4.2 Gamma-ray pulsars
These have been catalogued recently by Abdo et al (2010,
2013). Our remarks in this Section concern those classified
as young or middle-aged and exclude millisecond pulsars
(MSP) that are gamma-emitters. These are further classi-
fied into two groups, radio-loud and radio-quiet, of roughly
equal number. The existence of the radio-quiet pulsars may
be simply a consequence of differing emission geometries.
All pulsars in the first catalogue (Abdo et al 2010), apart
from the 7 MSP, have fields and rotation periods such that
X > Xc. Phase-lags between the radio and gamma-ray
peaks vary. There is a consensus that the source of the
gamma emission is close to the light cylinder and it is also
possible that the source of radio emission may be located
away from the polar cap.
In the Ω ·B > 0 case, curvature radiation pair creation
is likely at the polar cap with the formation of a plasma
as described in Section 3.1. Coherent radio emission is sub-
ject to the uncertainties we have described above, but if it
occurs, the observer-frame frequency at the onset of turbu-
lence would be typically about three orders of magnitude
larger than that cited in Section 4.2, that is, more than 10
GHz, assuming a pair multiplicity N± > 10
2. This is not
consistent with the observed spectra which appear to have
indices at 1.4 GHz, little different from normal pulsars.
Predictions for pulsars with Ω ·B < 0 are less certain.
In this case, the condition X > Xc is not sufficient for curva-
ture radiation pair creation. The reason is that the relatively
high surface temperatures to be expected in the younger
stars cause the photo-ionization of accelerated ions to a de-
gree not considered in previous work (see Jones 2012a). The
reverse flux of electrons then limits the acceleration poten-
tial difference analogously with pair creation. It is difficult
to make useful quantitative estimates of this effect owing to
its dependence on surface temperature and on the atomic
number of surface nuclei. Coherent emission, as in normal
pulsars, is possible but the system may behave as in the
Ω·B > 0 case. This conclusion has been arrived at previously
by Kunzl et al (1998) who found the 160 MHz emission of
the Crab pulsar incompatible with a large-multiplicity pair
plasma for any emission source within the light cylinder.
4.3 Millisecond pulsars
The conclusion of Jenet et al (1998) was that the radio emis-
sion of J0437-4715 differed little from that of normal pulsars
and that consequently, the emission mechanism must be in-
sensitive to both magnetic flux density and rotation period.
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Further evidence for this, with measurements of spectral in-
dices, came from a study of a sample of 14 millisecond pul-
sars by Kramer et al (1999), and further work with emphasis
on gamma-emitters by Espinoza et al (2013). Kramer et al
found that the emission region is extremely compact (a light-
travel distance < 2.4 × 105 cm), but subject to some reser-
vations they make about their interpretation of the data.
Almost all the MSP listed in Table 2 of Kramer et al
have ATNF magnetic fields smaller than 109 G. Here we
argue that in these cases, formation of an electron-positron
plasma by single-photon magnetic conversion which is capa-
ble of supporting a useful unstable mode is not possible. The
polarization-averaged attenuation coefficient in the classical
limit χ≪ 1, which is certainly appropriate for MSP is,
λa =
mee
2
2h¯2
B
Bc
k⊥
k
(0.377 exp(−4/3χ)) , (17)
in which χ = k⊥B/Bc (Erber 1966). For B = 10
9 G, a pho-
ton with k⊥ = 3.5× 10
3 would be required to give χ = 0.08
and an appropriate coefficient of λa = 10
−5 cm −1. In the
typical MSP dipole field, this would require a photon of mo-
mentum k = 104 − 105mec giving electron and positron
Lorentz factors so large that the corresponding terms in
equation (15) would be negligible.
The conclusion is that the polar-cap formation of an
electron-positron plasma supporting a Langmuir mode with
a useful growth rate is not possible. Thus MSP withΩ·B > 0
would be radio-silent in the absence of emission from the
light cylinder radius. It is not obvious that polar-cap pair
creation is a pre-requisite of gamma-ray emission. MSP with
Ω · B > 0 certainly have a flux of electrons accelerated to
the light cylinder. But the movement of particles to the light
cylinder must be more complex than a single flux of uniform
charges from the polar cap: neutron stars with Ω · B < 0
probably also have electron flow to the light cylinder in order
to maintain the net electric charge of the star and magneto-
sphere at some constant level. (This assumes that the return
of positive particles from beyond the light cylinder radius to
the opposite pole, via the equatorial current sheet, found
in numerical modelling of the outer magnetosphere, is in-
complete for general values of the magnetic inclination. We
refer to the work of Bai & Spitkovsky 2010). High-energy
electrons or positrons must be present at the light cylinder
if there is to be significant incoherent emission, but if our
assumption is correct, this condition can be satisfied by pul-
sars with ion-proton polar-cap plasmas as well as by those
with Ω ·B > 0.
4.4 Anomalous X-ray pulsars
Polar-cap magnetic flux densities B > Bc are the outstand-
ing feature of the AXP and of magnetars in general, and for a
review of pair creation in these objects we refer to Thompson
(2008). Pair creation by resonant scattering of black-body
photons is so abundant at surface temperatures exceeding
3× 106 K that the total acceleration potential difference at
the polar cap can be no more than of the order of 1 − 10
GeV. There is also a contribution from Klein-Nishina scat-
tering. Direct photon conversion to positronium is significant
at B > Bc (see Herold, Ruder & Wunner 1985; Usov 2002).
In this process, a photon moving outward converts (essen-
tially adiabatically) to a positronium bound state when the
threshold k⊥ = 2 is reached. But in the black-body field
of the neutron-star, there is no doubt that the positron-
ium would suffer very rapid photo-disintegration. The con-
sequence of these processes is expected to be a very high
flux of secondary electrons and positrons whose energy is
low relative to those of young normal pulsars. This conclu-
sion is likely to be independent of the sign of Ω · B, and
implies that the ion-proton terms in equation (15) will be
negligible.
Whether or not the electron-positron mode grows at a
useful rate is not clear. Radio emission has been observed
from J1810-197 up to very high frequencies (1.4 to 144 GHz;
Camilo et al 2007). The spectrum has only a small negative
index within this range. But the pulses exhibit unusually
large fluctuations (Serylak et al 2009). This is broadly the
frequency interval that might be expected from an electron-
positron plasma. But this emission may be further evidence
that, as we observed in Section 4.3, particle fluxes to the light
cylinder may be less simple than a single uniform charge
flux from the polar cap.(For indications of a high-frequency
turn-up in pulsar spectra, see Kramer et al 1996.) Higher-
frequency flux measurements, though difficult owing to at-
mospheric opacity, would be of interest. For magnetars in
general, the large negative spectral indices of normal pulsars
and MSP should not be observed because any ion-proton
plasma would have a negligible effect on the plasma disper-
sion relation.
5 CONCLUSIONS
Radio-frequency luminosities have been estimated for a ho-
mogeneous set of 29 pulsars having extensive low-frequency
flux-density measurements and good signal-to-noise ratio.
However, the radio-frequency energy emitted per unit charge
in the primary beam of particles accelerated at the polar cap
appears to be the more interesting parameter. Pulsars are
very efficient generators of radio-frequency radiation below
1−10 GHz, particularly in view of the kinematic constraints
on ǫ which are discussed in Section 3. These were considered
separately in Sections 3.1 and 3.2 for the canonical electron-
positron plasma and for the ion-proton plasma described
previously (Jones 2012a,b).
The conclusion of this paper is that, both in normal
pulsars and in MSP, an ion-proton plasma is the source of
the radio-frequency spectrum and that consequently, these
pulsars have a magnetic moment such that Ω ·B < 0 at the
polar cap. A number of factors together form the basis for
this conclusion.
(a) The existence of an ion-proton plasma in theΩ·B <
0 case is a natural consequence of excitation of the nuclear
giant-dipole state in the electromagnetic showers produced
by the reverse flux of photo-electrons. These are produced
by the interaction of accelerated ions with the blackbody
radiation field of the neutron-star surface. Ions and pro-
tons necessarily have very different Lorentz factors and δ-
function velocity distributions. Conditions are appropriate
for a (quasi-longitudinal) Langmuir mode whose growth can
be calculated directly.
(b) In this case, the polar-cap magnetic flux density
has just one function: to provide an acceleration potential
difference. (Throughout this work we assume space-charge-
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limited flow boundary conditions.) Photoelectric transitions
and the processes of electromagnetic shower development
are slowly varying functions of magnetic field strength above
∼ 1012 G but below this, can be satisfactorily approximated
by their zero-field limits. This is in contrast with the for-
mation of an electron-positron plasma whose production by
curvature radiation in a normal pulsar requires a substantial
decrease in flux-line radius of curvature from that of a dipole
field (see, for example Harding & Muslimov 2011). With a
dipole field, even the inclusion of inverse Compton scattered
photons produces pair multiplicities that are too small to be
plausible (Hibschman & Arons 2001, Harding & Muslimov
2002). In the case of MSP, polar-cap pair creation is either
not possible or results in electrons and positrons of too high
an energy to give unstable-mode solutions of equation (15)
having a useful growth rate. The ion-proton plasma appears
to be the only mechanism capable of functioning over five
orders of magnitude in magnetic flux density.
(c) There are a number of problems which make the
electron-positron source unlikely. The relative displacement
of the neutron-star frame electron and positron energy spec-
tra is difficult to estimate owing to its dependence on the
details of their low-energy extremes. Our attempts to in-
vestigate this in Section 3.1 indicate that the displacement
is unlikely to be other than small, leading to severe con-
straints on values of ǫ and to doubts about the growth rate of
the Langmuir mode. The form of the electron and positron
spectra at low energies is not well-known and it appears
that no actual growth-rate calculations have so far been at-
tempted with realistic energy distributions. These doubts
about mode growth rate are not new (see Usov 1987).
(d) Stringent limits now exist on the size of the emission
region, particularly at low frequencies with the operation
of LOFAR. Hassall et al (2012) found a limit defined by
rmax − rmin < 4.9 × 10
6 cm in the case of PSR B1133+16,
with similar limits in the case of three other pulsars. At
higher frequencies and for 14 millisecond pulsars, Kramer
et al (1999) found rmax − rmin < 2.4 × 10
5 cm, though
with some stated reservations about the interpretation of
their data. We have argued previously (Jones 2013b) that
the Hassall et al data are not consistent with an electron-
positron plasma source.
(e) There is no direct evidence that neutron stars, other
than those young enough to be associated with nebulae, gen-
erate electron-positron pairs.
As a consequence of these factors, our conclusion is that,
in general, the source of radio-frequency emission is not the
canonical polar-cap electron-positron plasma previously as-
sumed. Electron-positron plasma sources are at best prob-
lematic for the reasons we have listed, but we do not wish
to exclude them completely.
A further difference from much previous work is in
our consideration of the spectrum, of which we relate only
the low-frequency end to a local plasma frequency Lorentz-
transformed to the neutron-star or observer frame. In our
view, the significant mode frequency is that at which the am-
plitude has grown to the extent that a non-linear and then
turbulent field of charge and current-density fluctuations is
formed. It is then assumed that, as in fluid mechanics (see,
for example, Batchelor 1967), there is a rapid transfer of en-
ergy to higher wave-numbers. Thus the mode frequency in
the neutron-star or observer frame at the on-set of turbu-
lence is to be associated with the low-frequency end of the
radio spectrum and the power-law decrease in flux density
reflects the energy transfer to higher wave-numbers. It is also
consistent with the compact emission regions found. There-
fore, there is no prediction that the radius-to-frequency map-
ping, ν ∝ η−3/2 should be seen. This is consistent with the
lack of evidence for it, except for some profile broadening at
very low frequencies, in those pulsars whose emission pro-
files have now been observed over frequency intervals of more
than three orders of magnitude in width (see, for example,
Hassall et al 2012, 2013).
A consequence of our conclusion is that Ω ·B > 0 neu-
tron stars start as gamma-ray, and possibly radio, pulsars
early in their lives and then usually become unobservable.
This does not appear to represent any problem because the
log-log P − P˙ distribution demonstrates that there is a very
considerable loss of population density after 1− 10 Myr.
A number of problems have not been addressed here.
Among them are the mechanism of coherent emission in
gamma-ray emitters about which Section 4.2 has no clear
conclusion, and the peculiar nature of the emission from
J1810-197 mentioned in Section 4.4. There is also the nature
of the turbulence assumed. The coupling between different
wave-number components is electromagnetic, and must be
fast, but there are differences from homogeneous isotropic
fluid turbulence. Firstly, the plasma is clearly not isotropic
owing to the presence of a strong magnetic field. But perhaps
more serious is the fact that (dissipative) coupling with the
radiation field is always present. There is no dissipation-free
interval in which interaction between different wave-number
components transfers energy to higher wave-numbers. It re-
mains to be seen if any of these problems are significant.
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